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Abstract 

We study the possibihty that the vacuum energy density of scalar and internal-space 
gauge fields arising from the process of dimensional reduction of higher dimensional 
gravity theories plays the role of quintessence. We show that, for the multidimen- 
sional Einstein- Yang-Mills system compactified on a R x 5''^ x 5'°' topology, there are 
classically stable solutions such that the observed accelerated expansion of the Uni- 
verse at present can be accounted for without upsetting structure formation scenarios 
or violating observational bounds on the vacuum energy density. 
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1 Introduction 



Recently, strong evidence is emerging that the Universe is dominated by a smooth 
component with an effective negative pressure and expanding in an accelerated fash- 
ion. These findings arise from the study of more than 50 recently discovered Type 
lA Supernovae with red-shifts greater than z > 0.35 Such studies, carried out by 
two different groups |l|, || , lead to the striking result that the deceleration parameter 

da 

qo = — 7Y , (1) 
where a{t) is the scale factor, is negative 

-l<go < 0. (2) 

It follows from the Friedmann and Raychaudhuri equations for an homogeneous and 
isotropic geometry that, if the sources driving the expansion are vacuum energy and 
matter, with equation of state p = up, — l<co'<0, then the deceleration parameter 
is given by: 

qo = ^{Su + 1)^Iai - ^Ia , (3) 

where flM{v) denotes the energy density of matter (vacuum) in units of the critical 
density. For a Universe where the matter component is dominated by non-relativistic 
matter or dust, u = 0, and therefore the combination Qm ~ 0.4 and ~ 0.7 
seems observationally favoured. Of course, the value ~ 0.7, although consistent 
with observation (see Ref. for a list of the important constraints), implies a quite 
unnatural fine tuning of parameters if it arises from any known particle physics setting 
(see Refs. for a thorough review and Refs. P, |^ for possible connections with 
fundamental symmetries like Lorentz invariance and S-duality in string theories). 
Furthermore, Qm and of the same order suggests that we live in a rather special 
cosmological period. 

While the most straightforward candidate for a smooth component is a cosmologi- 
cal constant, a plausible alternative is a dynamical vacuum energy, or "quintessence". 
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Suggestions along these lines have been proposed a long time ago , although yield- 
ing a vanishing deceleration parameter. A number of quintessence models have been 
put forward, the most popular of which invoke a scalar field with a very shallow po- 
tential, which until recently was overdamped in its evolution by the expansion of the 
Universe, allowing for its energy density to be smaller than the radiation energy den- 
sity at early times, such that at present Qm ~ 05 "^^s also shown that scalar 
fields with an exponential type potential can, under conditions, render a negative go 



I0|. Other suggestions include the string theory dilaton together with gaugino 



condensation [11], an axion with an almost massless quark [12|, a time-dependent 
vacuum energy induced by i^-particle recoil |]T3[, etc. However interesting, most of 



these suggestions necessarily involve a quite severe fine tuning of parameters [P 
This fact calls for constructions that allow for a negative deceleration parameter us- 
ing sources of quintessence that ideally do not require a potential. In this context, 
it has been shown that a scalar field coupled with gravity non-minimally, namely a 
self-interacting Brans-Dicke type field with a negative coupling, can be used for this 
purpose 
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In this work, we study the possibility that scalar fields arising from the process of 
dimensional reduction of higher dimensional gravity theories, together with internal 
gauge fields, play the role of quintessence. The stability of the required compactifica- 
tion of the extra dimensions is related with the dynamics of these fields. Classical and 
quantum stabilility depends on the existence of minima of the relevant potential that 
are classically or, at least, semiclassically stable. We show that, for the multidimen- 
sional Einstein- Yang-Mills system |16|, |1^, [18[, the cosmological framework following 
from demanding that compactifying solutions are classically stable can also be used 
to drive an accelerated expansion at present, at the expense of the contribution of 
higher dimensional fields. In fact, the stability of compactification requires fine tuning 
the higher- dimensional cosmological constant meaning that, in this respect, our pro- 
posal is afflicted with the same difflculty of other quintessence models. Nevertheless, 
the most advantageous aspects of our setting are that it rests on the fruitful ground 
of the Einstein- Yang-Mills system and, therefore, there is no need to postulate ad 
hoc potentials and also that the dimensional reduction procedure determines, via the 
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theory of symmetric fields, the cosmological model unambiguously. Thus, in a single 
framework, the issues of compactification and accelerated expansion of the Universe 
are related and the ground-state energy of fields emerging from the compactification 
scenario can actually be regarded as a consistent quintessence candidate, a scenario 
that we choose to call "quintessential compactification". 

2 The Generalized Kaluza-Klein Model 

Compactification is a crucial step in rendering multidimensional theories of unifica- 
tion, such as generalized Kaluza-Klein theories, Supergravity and Superstring theo- 
ries, consistent with our four- dimensional world. Phenomenology requires that the 
extra dimensions are stable and Planck size (see, however, for a different pro- 
posal concerning this issue). A necessary condition for the stability of the extra 
dimensions is the presence of matter with repulsive stresses to counterbalance grav- 



ity. Magnetic monopoles [2C], Casimir forces |21| and Yang- Mills fields [0, have 
been suggested for this purpose. The case of Yang-Mills fields is particularly inter- 
esting as it illustrates the importance of considering non- vanishing internal as well as 
external-space components of the gauge fields. Indeed, as shown in Ref. jT^, it is 
this feature that renders compactifying solutions classically as well as semiclassically 
stable. Moreover, it was shown in Ref. fl^, using the quantum cosmology formalism, 
that, for the Einstein- Yang-Mills system, compactifying solutions with non- vanishing 
external-space components of the gauge field are correlated with the expansion of the 
Universe. This implies that, for expanding universes, it is more likely that stable 
compactification solutions arise. 

Following |16|, [l^, we consider an SO{N) gauge field with N>3 + dmD = 



4 + d dimensions and an homogeneous and (partially) isotropic spacetime in a R x 
5''^ X S"^ topology. The relevant coset compactification splitting of the D-dimensional 
spacetime is the following 

= R X G^'ViT^"* X G'^'Vi/'"* , (4) 
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where R denotes the timehke direction, G^^^t^*^*) = SO{A){SO{d + 1)) and = 
5*0(3) (5*0(0?)) are respectively the homogeneity and isotropy groups in 3{d) dimen- 
sions. For the multidimensional Einstein- Yang-Mills model we consider, the gauge 
field has only time- dependent spatial components on the 3-dimensional physical space. 
The model is derived from the generalized Kaluza-Klein action: 



with 



S[gf,u, A^, x] = Sgr[gf,i>] + Sg{[gf,o, i/i] + 5inf [^/ip, x] (5) 



SAa^u] = f dx^giR-2A), (6) 

5gf[^^,,i^] = ^ [ dx^ TrF^^pf^' , (7) 



f i — n "1 

SinAhi'^x] = - o{di^xf + U{x) , (8) 

where g is det [gpiv)-, gp^v is the D-dimensional metric, /2, e, k and A are, respectively, 
the scalar curvature, gauge coupling, gravitational and cosmological constants in D 



dimensions. In addition, the following field variables are defined in M^: Fp^^y 



dU-UiLnjii, Liic iuiiuwiiibi iiciu. vdiidUicn die uciiiicu iii 



Ap, Ay 



is the gauge field strength, denotes the components of 
the gauge field and x is the infiaton, responsible for the infiationary expansion of the 
external space. The infiaton potential, ?7(x)) is taken to be bounded from below, 
having a global minimum so that f/min = 0. 

We consider vacuum solutions where the splitting of internal and external dimen- 
sions of spacetime corresponds to a factorization in a product of spaces 

= M^x K'^ , (9) 

being the four- dimensional Minkowski spacetime, K'^ a Planck-size (i— dimensional 
compact space. We assume that = H x x S'^ , where and S'^ are 3 and 
(i-dimensional spheres. 

The spatially homogeneous and (partially) isotropic field configurations relevant 
for our cosmological model are symmetric under the action of the group x G™*. 



The following realization of M can then be constructed |17 
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M 



D 



R X SO{4)/SO{3) X S0{d+1)/S0{d) 

R X [SO{A) X SO{d+ 1)]/[S0{3) x SO{d)] . 



(10) 



The metric corresponding to the D- dimensional spacetime is given by 



ds^ = -N^{t)de + d^d^l + h''{t)dnl , (11) 

where d{t) and h{t) are the scale factors of 5*^ and S"^ respectively, and N{t) is the 
lapse function. 

The remaining field configurations associated with the above geometry, described 
in Ref. Hl^, are built using the theory of symmetric fields (see eg. [22| and references 
therein). Substituting the corresponding Ansatze into the action (^ and performing 
the conformal transformations 



N\t) 
~a\t) 



hit) 
bit) 



N'it) 



a\t) 



(12) 
(13) 



where (6) is the vacuum expectation value of 6(t), we obtain a one-dimensional effec- 



tive reduced action 171: 



5, 



cff 



+ 



levr^ / dtNa^ 



\ 3 1 


■ a ' 


[ SttA; a2 


N. 



+ 



1 



N 



+ 



3 1 

4e2 





7o' 


' 1 
+ 2 




1 











+ e 



-2/3V 



d 1 1 
4?^2 



2 



N 



n 2 



,(14) 



where k = k/vd{b)'^ is Newton's constant, = e'^/vd{b)'^, e being the gauge coupling, 
/3 = J IGiik / did + 2) and Vd is the the volume of 5'°' for 6 = 1. Moreover, we have set 



= P ^ ln(6/ (6)) and x = \/'^d{b)'^X- The dots denote time derivatives and Vf is the 
covariant derivative with respect to the remaining SOiN — 3~d) gauge field Bit) in 



R: 



;(t) + 5(t)g(t) 



(15) 
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It is important to point out that fo(t),f = {fp} represent the gauge field compo- 
nents in 4-dimensional physical space-time, while g = {gg} denotes the components 
in K"^, B is an (A^ — 3 — rf) x (A^ — 3 — d) antisymmetric matrix and ip is the scalar 
field emerging from the compactification procedure. 

The potential W, in (p!4D, is given by 



W 



+ 



-2/3V. 



— e 



-2/3^ 



1 d{d-l) 1 
4 W 



3d 



+ e 



{by 8e2 



Silk 



{a{b)y 32e^ 



(f ■ g)' + e 



Vi(/o,f) 



(16) 



where A = Vd{byA, U{x) = Vd{byU { x/\/vdbi ) and 



/^ + f^-l)" + 4/o^f^ 



(17) 
(18) 



are related with the external and internal components of the gauge fields, respec- 
tively. Variables A^ and B are Lagrange multipliers associated with the symmetries 
of the effective action (|T¥). The lapse function A^ is related to the invariance of Ses 
under arbitrary time reparametrizations, while B is connected with the local remnant 
SO{N — d — 3) gauge invariance. Without loss of generality the gauge A^ = 1 will be 
used in what follows. The equations of motion for the physical variables a, x, /o, f , g 



can be found in Ref. [17 



The Friedmann equation and the equation of motion for the field ip, relevant for 
our quintessence proposal are the following: 



1 



4a2 



+ W{a,ij) + p 



'a\ ■ dW 







(19) 



(20) 



Notice that we have added a term corresponding to the matter energy density since 
its contribution is quite important for the late time Universe, p = Po{^)^, where po 
and Oo are the matter energy density and the scale factor at present, respectively. 
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The compactification scenario we envisage involves static vacuum configurations of 
tlie gauge and inflaton fields: 



/o = /o^ f = r, g = = 0, X = X'' • (21) 

We also assume that f and g are orthogonal and that (/{x"") = 0. For simplicity, we 
use the notation vi = Vi(/q , P) and V2 = V2{g'") = | in what follows. The potential 
(|T6|) simplifies then to 



-2w 1 d{d-l) 1 1 d{d-l) A 



IQnk 4 (6)2 (6)4 8e2 Snk 

(22) 

where the last term arises from the contribution of the external-space components 
of the gauge field and clearly represents the contribution of radiation for the energy 
density of the Universe. 

As discussed in Ref. Jl^, different values for the cosmological constant A cor- 



respond to different compactification scenarios. Indeed, for A > C2/lQTck, where 
C2 = [{d + 2)2((i — l)/(d + 4)]e2/16f2, there are no compactifying solutions and for 

<A<^ , (23) 



with ci = d{d — I)e2/16f2, a compactifying solution exists which is classically stable 
but semiclassically unstable. On the other hand, a value of A < ci/lGnk implies 
that the effective 4-dimensional cosmological constant, A^^-* = 87ikW{a oo, ip), is 
neg ative. As A^'') must satisfy the order of magnitude observational bound 

A(^)^ 10-12°^ , (24) 

we consider the following fine-tuning of the multidimensional cosmological constant 
A = Ci(l + 6)/167ik, where 6 is clearly proportional to A^^^ On the other hand, since 
we are interested in compactifying solutions, for which ^ 0, we choose A such that 
Ip = corresponds to the absolute minimum of ([2^), where (6)^ = 16nkv2/e^. Hence 

A^4^(l..). (25, 
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Substituting (|25|) in (0), we obtain, for large a (implying that the radiation term 
can be neglected) 

W = A^-Hs . (26) 

Of course, a non-vanishing S introduces a semiclassical instability in our compact- 
ification solution; however, the decay rate of the compactified vacuum is such that 
the decompactification time is much greater, by many orders of magnitude, than the 
age of the Universe. 

Naturally, compactification occurs prior inflation, which is driven by the potential 
U{x) of inflaton, x- It should be pointed out that the infiaton itself could, via 
a suitable choice of its potential or by relaxing the condition U{x^) = 0, be at the 
origin of a late accelerated expansion. This possibility has been proposed some time 
ago and was called "deflation" or "quintessential inflation" in a more recent 
version of the idea This is certainly an interesting suggestion that can actually 
be implemented in the context of our model. Interestingly, quintessential inflation 
can be, in principle, detected. Indeed, as discussed in Ref. a distinct feature of 
quintessential inflation is the form of its gravitational wave spectrum, which although 
inacessible to gravity wave detectors under construction, such as LIGO and VIRGO, 
may be within reach for a future generation of detectors. 



3 The Deceleration Parameter in Quintessential 
Compactification 



Let us now compute the deceleration parameter for late times in the context of our 
quitessential compactiflcation scenario. We differentiate the Friedmann equation (P^) 
and substitute the resulting term in ip by eq. (CT), to obtain 



4nk 



3a- 



•n dW 

-3H^^ + -—d 
oa 



(27) 
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aw _ , „-5 



where H = ^. Neglecting the last term, a very good approximation since ^ ~ a 
we have 



2.3 ■ 

For = 0, we get for the deceleration parameter, substituting (p6D in (^) and 
setting ip = 



3 



_J£_X I 47rfc PQf-Q 

{b)2" ~^ 3 g 
'4 "t" (6)2" 3 g 



(29) 



where 5 = ^^^^^5. Given the bound (0), then 5 = (5olO~^^°, where 5o will be 
computed below. On the other hand, taking the gauge coupling e ~ 0.3, the ra- 
dius of the compact manifold K"^ is about 10 times greater than the Planck size 0, 
and (■^) = «olO^^°, where is an order one constant. Hence, we obtain for the 
deceleration parameter at present 

1o = ^^^P- , (30) 



z + ^1 + e 
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where 6i = d{d — l)ao'^o/48 and 

Svrfc 2 3207r „ fn^^ 

€ = -^PoOq = -^aoilMho , (31) 

where ho parametrizes the observational uncertainty in the Hubble constant, = 
100 ho km s-^ Mpc~^ and 0.4 < ho < 0.7. 

In order to obtain a bound on 6o, we compute the time tq when quintessence 
states started dominating the dynamics of the Universe. The value of Og = a{tq) 
can be estimated equating the contributions of W and p{aq). From the observational 
bound Qm ~ 0.3 ^5], we obtain: 



^Assuming that ip oscillates around the minimum, i.e. W ijP', we then have, according to the 
virial theorem, < i/;^ >=< W >. In this case, we would obtain a positive go- However, since the 
minimum is very deep and the time scale of the problem is the Planck time, it is reasonable to 
assume that tl) has had enough time to settle at the minimum of the potential. 

•^It is interesting to notice that, if (6) were much greater than the Planck size, as suggested in 
, it would render our quitessence proposal untenable as the order of magnitude of 5 is determined 
by il. 
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3 J , 1536 vr 2 /ooN 

where a = Since the red-shift of the supernova data used to infer the accelerated 
expansion of the Universe is z > 0.35, then a < 0.74 and, for d = 7 and ho = 0.5, 
we get 



<5i < 71 , (33) 

which imphes, for e.g. 6i = 70, that 

go = - 0.56 , (34) 

which sits inside the most hkely region of values for go, as revealed by observational 
data H, §. 

Notice that, with a < 0.74, the quintessence domination period is rather recent 
in the history of the Universe and, hence, structure formation scenarios, for which 
the condensation period is Zc ^ 10, given the most recent Hubble deep field surveys, 
are unaffected by our quintessence proposal provided the vacuum energy density is 
not too large. It is easy to show that this is indeed the case as, even for z ^ 0.35, 
the time when quintessence starts dominating the dynamics, Qyi^ > 0.35) ~ 0.5, 
consistent with bounds arising from anthropic considerations which imply that, for a 
flat Universe ( which is not the case of our model), a vacuum energy no greater than 
about 7r(l + ZcYpq does not prevent gravitational condensation [Q. At present, one 
should expect ~ 3 po [0- Our model is compatible with this bound and also with 
the upper limit arising from gravitational lensing studies, namely that, at present, 
Qv < 0.75 123, ^|. 



A distinct feature of the model is that, in spite of having a closed topology, a phase 
of accelerated expansion can take place. Indeed, writing the Friedmann equation as 

d' + V{a) = ~^- , (35) 

with 
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^^^-(^'^-^^ ' (36) 
we see that accelerated expansion can be achieved provided 

V{aM) < - \ , (37) 
where om is the maximum of V{a). This requirement imphes the condition 

4 5i /x^ + - - 1 > , (38) 

where /i = It can easily be verified that, for Si — 70 and ckq = this 

inequality holds for any /i, hence representing a consistency check for our proposal. 
Clearly, our model presents, however brief, a coasting period where a ~ constant. 

4 Discussion and Conclusions 

In this work, we have proposed a cosmological model based on the multidimensional 
Einstein- Yang-Mills system, compactificd on R x S*^ x S''^ spacctimc. Wc have shown 
that the very fine tuning on the higher dimensional cosmological constant needed for 
stable compactifying solutions and rendering the vacuum energy density consistent 
with observational bounds, can also account for the observed accelerated expansion of 
the Universe, for reasonable values of the model parameters. Specifically, we obtain 
a deceleration parameter qo — — 0.56. This is achieved via the vacuum contribution 
of a scalar field, very much like in the so-called quintessence scenarios but, in our 
model, an internal gauge field is also involved and these fields arise from the com- 
pactification process via the dimensional reduction procedure. Furthermore, we have 
shown that, since the quintessence domination period is quite recent in the history 
of the Universe, known scenarios for structure formation remain unaffected by our 
quintessence proposal and bounds on the vacuum energy density are respected. 

Finally, it is interesting to point out that our setting allows, quite naturally, for 
a quintessential infiationary extension, and although we have chosen here to study 
the "minimal" version of the cosmological model arising from the multidimensional 
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Einstein- Yang-Mills theory, further work on "quintessential compactification - infla- 
tion" follows immediately from the model. 
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